We prove that a finite localization of the tensor ring F X , where F is a finite k Galois or simple purely inseparable extension of k of degree n, gives rise to a ring S such that S m F is isomorphic to a full n = n matrix ring over a free ideal ring. 
INTRODUCTION

Ž .
A ring R is called a free ideal ring fir if every left and every right ideal of R is free of unique rank. Equivalently, a ring R is a fir if it is left and Ž . right hereditary and all its right or left finitely generated projective Ž w x modules are free of unique rank see 5, Chap. 1 for a proof of this fact . and for general results on firs . Every fir can be embedded in a skew field; in fact, every fir R has a uni¨ersal field of fractions which is obtained from Ž w x . R by localization at the set of all full matrices over R see 5, Chap. 7 . In this paper we use the convention that fields may be noncommutative; this might be emphasized by the use of the term ''skew field.'' Ž . Recall that given a non-zero ring R and an R, R -bimodule M, the bimodule 
R, R -bimodule R m R
, where k is a subring of R and X is a set. k Ž . Note that k need not be central or even commutative. We denote this ² : ² : tensor ring by R X . Sometimes, we shall refer to R X as the free k k ² : R -ring on X. There is an alternative definition. The ring R X can be k k defined as the R-ring generated by X with defining relations x s x, for ² : ² : x g X and g k. It is also clear that R X ( R) k X , where ) k k k denotes the coproduct construction in the category of k-rings. If D is a skew field and K is a not necessarily commutative subfield of D, then ² : Ž w x . D X is a fir cf. 5, Theorem 2.6.2 .
K
In this paper we will be investigating the structure of rings obtained by central scalar extensions of tensor rings. More precisely, given a tensor ring R which is an algebra over a commutative field k and a commutative field extension F of k, we shall be considering the ring R m F, hereafter k denoted by R . If R is a fir with universal field of fractions U such that F Ž w the centre k of R coincides with that of U cf. 5, Corollary 6.3.4, Theorem x. 7.8.4 , then, given a finite commutative field extension F of k, R is F isomorphic to a subring of a full matrix ring over a skew field, for the embedding of R into U induces an embedding of R into U . Since U is enlarge the original ring R in order to obtain another ring S such that Ž . S ( M T , for some ring T. This is always possible, because for each Taking S to be any ring between R and U containing all these elements u r described above, we find that S is isomorphic to a full s = s matrix ring F over the centralizer in S of the matrix units. In this paper we apply this F ² : idea to tensor rings of the form R s F X , where k is a commutative k field and F is a finite Galois or a simple purely inseparable extension of k of degree n. In both instances, we find a finite localization S of R such Ž . that S ( M T , where T is a fir, although R was not, in the Galois In the last section of this paper we present results on the nature of the universal field of fractions of the firs obtained in the preceding sections.
In order to study homological properties of tensor rings under field extensions, it is useful to look at their monoid of projectives, i.e., the monoid whose elements are isomorphism classes of finitely generated projective modules, and the operation is induced by the direct sum. If R is Ž . Ž . any ring, we denote its monoid of projectives by P P R . The monoid P P R w x is a commutative monoid with a distinguished element given by R , the isomorphism class of R as an R-module. We call a ring R projecti¨e free if Ž . Ž . P P R ( N, the monoid of natural numbers, and projecti¨e tri¨ial if P P R ( 1 Ž . N for some positive integer r, that is, if P P R is free on one generator x r w x Ž w x such that r и x s R . See 7 for some general facts about monoids of . projectives. A hereditary projective trivial ring is just a matrix ring over a fir.
One of the most important tools in our investigation of tensor rings under central field extensions will be the Bergman coproduct theorems Ž w x. see 2 , which we state below. 
THE GALOIS CASE
Given a commutative field k, a finite Galois extension F of k of degree ² : n ) 1, and a set X, let R be the tensor ring F X . Although R is a k F hereditary ring, because Frk is separable, it is not projective trivial, for we Ž . ² :
Since Frk is Galois, by 6, Corollary 5.7.2 ,
Since n ) 1, R is not projective trivial. Thus R is not a matrix ring over However, we will show in Corollary 2.1 that by localizing R at a finite set of elements we obtain a ring S with the property that S is a matrix F ring over a fir.
We start with a more general result on extensions of crossed products. A Ž . crossed product is a ring S defined by a set F, ⌫, , , where F is a Ž . commutative field, ⌫ is a group, : ⌫ ª Aut F is a group homomor-= Ä 4 phism, and is a 2-cocycle, that is, a map from ⌫ = ⌫ into F s F _ 0 satisfying [ k gG Ž . where the F, F -bimodule F is the left F-space of dimension one and the action on the right is given by x и s x , for x g F and g F. S -modules, writing maps on the right, we get the ring isomorphisms
n Ž . where T s End S . We now switch back from left S -modules to [ F¨. Therefore, Cen F is isomorphic, as a ring, to the twisted
The result on tensor rings is a corollary of the above theorem. We will Ä 4 first present a proof of the case of a unitary X s x and then show that it is also true for arbitrary X. x , for g G and g F. The localization of R at the elements x is, then, isomorphic to the skew group ring S of the free group ⌫ on
where T is the group algebra FH and k n Ž . H s ker . Since ⌫ is free, so is H. So T is isomorphic to the group w x algebra of a free group over a field; thus it is a fir, by 4, Corollary 3, p. 68 .
If X is a set with more than one element, then pick x g X and write
where R s F x and X s X _ x . By Corollary 2.1, there exists a finite
Ž . tary and P P S ( N. Thus S is isomorphic to an n = n matrix ring over
Ž w is the n = n matrix reduction functor in the category of T-rings see 5, p.
x. 147 . COROLLARY 2.2. Let k be a commutati¨e field, let F be a Galois extension of k of finite degree n, and let X be a nonempty set. Let R be the free F -ring k ² : on X, F X . Then there exist nonzero elements x , . . . , x of R such that the
to an n = n matrix ring o¨er a fir.
Remark 2.1. It should be noted that the ring S obtained in the above corollaries by localization of R is, in fact, isomorphic to a subring of the universal field of fractions of R. This is due to the fact that the elements x which were inverted are atoms in R, which implies that the set i Äw x w x4 w x ⌺ s x , . . . , x is factor-closed. Thus, by 5, Proposition 7.5.7 , we can 1 n regard S s R as a subring of U which contains R. 
THE PURELY INSEPARABLE CASE
This section is similar to the previous one in its aim of obtaining from an extended tensor ring a full matrix ring over a fir. It differs from it, because we will be looking at a simple purely inseparable extension and will also be using different methods. Throughout this section, the symbol ␦ will i j always denote Kronecker's delta; that is, ␦ s 1 and ␦ s 0 for i / j. ii i j
Recognition of Matrix Units
Ž w We will start by stating a theorem on recognition of matrix units see 1,
x. Theorem 1.3 . Ž . Ž . 
Then the following equation is¨alid in R:
Using 7 we can prove, by induction on l, that u s
. Applying this to 8 and noting that j y 1 ! s ,
and thus Ý p e s 1. Moreover,
Therefore the e do form a complete set of matrix units for R. i j
A Purely Inseparable Extension of a Tensor Ring
We shall now apply the results of the preceding subsection to a tensor ring. We start by fixing our notation.
Here, given an element c of a ring R, we shall denote by d the inner 
We shall consider a ring S, obtained from R by localizing enough in order to obtain the matrix units of U in S .
F F
Ž . matrix units e defined in 6 . We shall show that, in this situation, the i j ring T is a fir. In fact, we shall give a presentation for T in Theorem 3.2 which will make it clear that T is indeed a fir. First let us introduce a suitable presentation of S as an F-algebra. 
␣ s a . By a degree argument, we can prove that t is an atom in R;
Äw x4 w x therefore, the set ⌺ s t is factor-closed and, by 5, Proposition 7.5.7 , :
x s t , tt s t t s 1 .
Ž .
Write F s k ␤ , where ␤ g F _ k and ␤ s a g k. We get the desired presentation by letting s ␣ y ␤. Our aim is to prove that T is a fir. In order to do that it will be necessary to look at the images of the generators , 
Ž . The left-hand side of 10 is easily seen to be
A WA for every n G 0 and Ž . We want to interchange the summations over l and h in 14 . A quick analysis shows us that in order to do so, it is necessary to break the expression into two sums:
We will hs 1 ls1 ms1 lh m ls1 ms1 l pm now interchange the summations over m and l. Again, this will break each term above in two sums:
Explicitly,
Ž . and second terms we replace l by h y j q 1, in the third term we replace l by p y j y 1 and, in the fourth term we replace l by p y j q 1, we finally Ž . rexpectively. Finally, if we look at the entries i, 1 with 1 F i F p y 1, we
Ž . Conversely, assume that Eqs. 11 hold in R. Let us prove that they Ž . Ž . imply 10 . It is clear that the entries i, j with 2 F i F p y 2 and py 2 Ž . i q 2 F j F p are zero both for CB and for ⌬ X . For every i, j s Ž . 1, . . . , p, let ␥ denote the i, j -entry of CB, and let be the corre- Ž .
Ž . Now we apply formula 11e to the last term of the above sum, that is, to the term obtained by making j s h y m q 2. We then get is then sufficient to prove that the other correspondent coefficients are also the same. But this is indeed the case, since a straightforward calcula- : y , y ¬ y y s y y s 1 ,
which is a fir.
Proof. First we prove that R is not a matrix ring over a fir. Writ- given by
of k-spaces. Tensoring it up with F over k, we get an exact sequence 
FINAL REMARKS
In both the two preceding sections, we obtained a matrix ring over a fir following a very precise construction. We started with a fir R which had a universal field of fractions U such that both shared the same centre k. Then we considered a finite commutative field extension F of k of degree n. By tensoring U with F over k we obtained a full n = n matrix ring over Ž . a skew field K, U ( M K . Next, we looked at a subring S of U, F n containing R, which was obtained by adjunction of inverses. This ring S was such that S contained the matrix units of U and was, therefore,
F F
Ž . itself isomorphic to a full n = n matrix ring, say S ( M T , where T was F n the centralizer in S of the matrix units. In the two instances studied in F Sections 2 and 3, we were able to prove that T was a fir. In this section, we will be showing that K is, in fact, the universal field of fractions of T. We start by giving some definitions and quoting some results which can w x be found in 5 . Let R be a ring. The inner rank of an m = n marix A over R is the least r such that A s BC where B is m = r and C is r = n and is Ž . Ž . denoted by A . A square n = n matrix A is called full if A s n. A ring R is called a Syl¨ester domain if for any m = r matrix A and r = n Ž . Ž . matrix B, AB s 0 implies A q B F r. Every fir is a Sylvester domain. If R is a Sylvester domain, then R has a universal field of fractions U obtained by localization at the set of all full matrices over R. Ž . divides n. The fact that A ( M T is a consequence of the presence of r the matrix units of U in A. We also know that T is the centralizer of the F matrix units in A and that T is isomorphic to a subring of K. Now suppose that T is a Sylvester domain and denote its universal field of fractions by V. Let ⌽ be the set of all full matrices over R, so that U ( R . We will ⌽ Ž .
show that the homomorphism R ª M V , obtained by composing the artinian, we would have V ( V X . So induces a homomorphism K ª V, which must be injective, because K is a field. Hence we can regard K as a sub-skew field of V containing T. But since V is a field of fractions of T, we must have K isomorphic to V.
We can apply the above result to the rings obtained in Section 2, for instance. Let us recall the setup. Let k be a commutative field, and let F ² : be a Galois extension of k of finite degree n. Then R s F x is a fir. k Denote its universal field of fractions by U. Then U is isomorphic to an F n = n matrix ring over a skew field K. By inverting a finite number of elements of R, we obtained a ring S which had the property that S F 2 Ž . contained the n matrix units of U . So S ( M T , where T is a subring F F n of K. In Corollary 2.1, we proved that T was a fir. Now, applying the above theorem to this situation, we conclude that K is the universal field of fractions of T. These ideas can be applied in the same way to the situation in Section 3.
